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Given two graphs G and H, their strong product G ⊠ H is the graph with vertex set V (G) × V (H), and
an edge between the vertices (v, x) and (w, y) if one of the following holds:
• v = w and xy ∈ E(H); or
• x = y and vw ∈ E(G); or
• vw ∈ E(G) and xy ∈ E(H).

For a graph G, its tree-decomposition is a collection {Bi : i ∈ I} of subsets of V (G), called bags, such
that

∪
i∈I Bi = V (G), along with a tree T with V (T ) = I, satisfying the following properties:

• vw ∈ E(G) =⇒ v, w ∈ Bi for some i ∈ I; and
• for i, j, k ∈ I, if j lies on the path of T from i to k, then Bi ∩ Bk ⊆ Bj .

The width of a tree decomposition is one less than the size of the largest bag. The treewidth of G, denoted
tw(G), is the minimum width of a tree-decomposition of G.
In [V. Dujmović et al., J. ACM 67, No. 4, Article No. 22, 38 p. (2020; Zbl 1466.05047)], the authors
showed that every planar graph G is a subgraph of H ⊠ P , where H has treewidth at most 8 and P is a
path. This result is used to resolve several open problems in graph theory on queue numbers, nonrepetitive
chromatic numbers, labelling schemes, and p-centered colorings. Moreover, the proof produces a O(n2)
time algorithm for finding H and a mapping from V (G) onto V (H ⊠ P ).
The main result of this paper is to improve the run time to O(n log n), and this also naturally improves
the results obtained as a consequence of the theorem of Dujmović et al. [loc. cit.]. The author raises
the question of whether the run time can be improved further to O(n). This has now been resolved
in the positive by P. Bose et al. [An optimal algorithm for product structure in planar graphs. in: 18th
Scandinavian symposium and workshops on algorithm theory, SWAT 2022, Tórshavn, Faroe Islands, June
27–29, 2022. Wadern: Schloss Dagstuhl – Leibniz-Zentrum für Informatik (2022; Zbl 1491.68015)]. It is
also worth mentioning the work of T. Ueckerdt et al. [Electron. J. Comb. 29, No. 2, Research Paper P2.51,
12 p. (2022; Zbl 1527.05046)], which replaces “treewidth at most 8” in the result of Dujmović [loc. cit.]
with “simple treewidth at most 6”. To clarify, a tree-decomposition of a graph G is k-simple if
• it has width at most k, and
• every set of k vertices of G is contained in at most two bags.

The simple treewidth of a graph G, denoted stw(G), is the minimum k such that G has a k-simple
tree-decomposition.
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